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Isotonic Regression and Artificial Intelligence in Econometrics: 

Applications in the Era of Big Data 

Abstract:   

The challenge of big data in econometrics lies in effectively leveraging vast amounts of information collected on 

economic behavior. Conventional statistical techniques are often inadequate for handling such complex and high-

dimensional datasets. Isotonic regression, a nonparametric approach, estimates a regression function while 

preserving monotonicity constraints. Despite the rapid expansion of machine learning applications in 

econometrics, the literature still lacks a unified framework that explicitly integrates economically meaningful 

monotonicity constraints into machine learning pipelines. Existing approaches either preserve interpretability at 

the cost of predictive power, or maximise accuracy at the cost of theoretical consistency. The present study 

addresses this gap by proposing a hybrid AI–isotonic framework that reconciles both requirements. The framework 

deploys isotonic regression in two complementary roles, a smooth predictive estimator that regularises machine 

learning outputs under monotonicity constraints, and a segmented variant used as a structural diagnostic tool for 

the identification of regime changes in macroeconomic series. The methodology is applied to three Moroccan 

datasets, namely the World Bank GDP series (1960–2020), the M3 monetary aggregate published by Bank Al-

Maghrib (1985–2025) and the telecommunications revenue series of the Haut-Commissariat au Plan (1997–2024). 

Empirical results, evaluated through the Root Mean Squared Error, the Mean Absolute Error and the coefficient 

of determination R², indicate that the hybrid approach reduces the in-sample forecasting error by approximately 

90 % on GDP, 98 % on M3 and 76 % on telecommunications revenue, relative to conventional linear regression. 

These findings confirm that economically constrained machine learning can simultaneously achieve predictive 

accuracy and theoretical consistency. 

 

Keywords: Isotonic regression, Machine learning, Nonparametric econometrics, Monotonicity constraints, Hybrid 

artificial intelligence, Economic modeling. 
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1. Introduction  

Economic phenomena are inherently complex, characterized by nonlinear, heterogeneous, and 

often noisy relationships among variables of interest (Hastie et al., 2009). This complexity poses 

a major challenge for classical econometric methods, which typically rely on simplifying 

assumptions such as linearity or predefined polynomial functional forms. Although these 

techniques have proven effective in many situations, they may become inadequate when the 

underlying structures are unknown or difficult to specify a priori.   

A further challenge lies in the effective exploitation of big data that is flooding in economics. 

Technological advances have made it possible to collect and store vast quantities of information 

on economic behaviors, financial transactions and consumer preferences. However, the 

growing availability of such data raises new methodological challenges, as traditional statistical 

techniques are often ill-suited for processing these massive and complex datasets. 

In response to these challenges, the rise of Artificial Intelligence (AI) and machine learning 

offers promising opportunities. AI algorithms, such as deep neural networks, have 

demonstrated a remarkable capacity to capture and model complex, nonlinear, and highly 

entangled patterns within large datasets. Nevertheless, these “black-box” models often suffer 

from a lack of interpretability and robustness, which can limit their applicability in certain 

economic contexts where understanding and reliability of the results are of paramount 

importance. 

Although both classical econometric models and pure machine learning offer valuable 

elements, neither approach alone reconciles flexibility, robustness and economic 

interpretability. This unresolved tension defines the methodological gap addressed in the 

present paper. 

A growing strand of literature has explored the integration of monotonicity constraints into 

machine learning models. Daniels and Velikova (2010) propose monotone and partially 

monotone neural networks, in which architectural constraints guarantee monotone predictions. 

Kakade, Kanade, Shamir and Kalai (2011) develop generalised linear models with isotonic link 

functions and provide statistical guarantees. Kotlowski and Slowinski (2013) study ordinal 

classification under monotonicity constraints, while Gupta et al. (2016) introduce monotonic 

calibrated look-up tables for large-scale industrial applications. More recently, You, Ding, 

Canini, Pfeifer and Gupta (2017) propose deep lattice networks that enforce partial 

monotonicity in deep architectures, and Milani Fard, Canini, Cotter, Pfeifer and Gupta (2016) 

extend these ideas to ensembles of lattices. In econometrics, Chetverikov, Santos and Shaikh 

(2018) review shape-restricted inference under nonparametric settings, and Henderson and 

Parmeter (2015) provide a comprehensive treatment of applied nonparametric econometrics. 

Despite these advances, the literature offers no unified framework that systematically articulates 

the three possible coupling schemes between machine learning and isotonic regression, namely 

preprocessing, post-processing and integrated regularisation, on macroeconomic data from 

emerging economies. 

Within this context, isotonic regression emerges as a particularly relevant alternative, since it 

offers a flexible and robust nonparametric approach. By imposing monotonicity constraints on 

the regression function, isotonic regression preserves desirable economic properties, such as 

increasing or decreasing relationships between variables, while adapting to the nonlinearities 

and complex structures present in the data. Its nonparametric nature makes it particularly well-

suited to situations where the underlying functional forms are unknown or difficult to specify a 

priori.   

Beyond its flexibility, isotonic regression offers several additional advantages for the analysis 

of economic data. Its robustness to outliers and noise in the data makes it particularly suitable 

for real-world contexts where observations may be affected by measurement errors or 
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exceptional events. Moreover, the resulting models remain highly interpretable, which is crucial 

in many economic applications where understanding the results is as important as predicting 

them. 

Building on this background, the present study addresses the following research question. To 

what extent can isotonic regression, deployed jointly as a monotonicity-preserving predictive 

constraint and as a structural diagnostic device, improve both the predictive performance and 

the interpretability of machine learning models applied to macroeconomic data? 

Three operational objectives derive from this question. The first, of a theoretical nature, is to 

formalise a hybrid AI–isotonic framework that articulates a predictive component, deployed 

through preprocessing, post-processing and integrated regularisation schemes, with a structural 

diagnostic component grounded in segmented isotonic estimation. The second, of an empirical 

nature, is to test the relative performance of this framework against linear and standalone 

machine learning baselines on three Moroccan macroeconomic series, namely the World Bank 

GDP series, the M3 monetary aggregate of Bank Al-Maghrib and the telecommunications 

revenue series of the Haut-Commissariat au Plan. The third, of a methodological nature, is to 

assess the contribution of monotonicity constraints to the interpretability of the estimated 

models by examining their consistency with established economic principles such as decreasing 

marginal utility, diminishing returns and concave demand functions. 

The paper makes three contributions to the literature. From a methodological standpoint, it 

formalises a unified hybrid framework that embeds monotonicity constraints into machine 

learning pipelines through three complementary coupling schemes, namely isotonic 

preprocessing, isotonic post-processing and isotonic regularisation. From an empirical 

standpoint, it provides the first application of this framework to Moroccan macroeconomic 

series, covering output, money supply and a service sector indicator. From a theoretical 

standpoint, it positions the proposed framework within the broader literature on shape-restricted 

nonparametric econometrics and clarifies the conditions under which the imposition of 

monotonicity yields a more interpretable model without sacrificing predictive accuracy. 

The remainder of this article is organised as follows. Section 2 introduces the theoretical 

foundations of isotonic regression, detailing its fundamental characteristics, advantages and 

limitations in the context of econometric analysis. Section 3 develops the hybrid methodologies 

combining machine learning and isotonic regression. Section 4 discusses their application in 

econometrics. Section 5 presents three empirical case studies on Moroccan macroeconomic 

data and provides implementation recommendations. Section 6 concludes by discussing the 

implications, limitations and avenues for further research. 

2. Theoretical foundations 

2.1. Overview of Isotonic Regression   

Isotonic regression is a nonparametric technique aimed at fitting a regression function to data 

while preserving monotonicity constraints. Isotonic regression, as described by Barlow and 

Brunk (1972) in “The isotonic regression problem and its dual,” involves minimizing a 

weighted sum of squared differences between observed values and estimates, subject to partial 

order constraints on the estimates.   

In Order Restricted Statistical Inference by Robertson, Wright, and Dykstra (1988), isotonic 

regression is defined as a statistical adjustment method where the estimates respect an order 

constraint. More specifically, this approach aims to produce estimates that minimize the sum 

of squared deviations between the observed and adjusted data, while respecting a predefined 

ordering relationship (increasing or decreasing).   

More generally, isotonic regression seeks to find the best monotonic (increasing or decreasing) 

approximation of a noisy dataset. Isotonic regression falls within the framework of order-
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restricted statistical inference subject to order restrictions, an approach useful for analyzing data 

where monotonic behavior is expected. This method finds applications in various fields, such 

as economics, biology, and the social sciences, where order relationships are common. 

2.2. Recent developments in shape-restricted estimation : A critical reading 

The use of monotonicity as a structural assumption in regression dates back to the foundational 

work of Brunk (1955), Ayer, Brunk, Ewing, Reid and Silverman (1955) and Barlow and Brunk 

(1972), who established the Pool Adjacent Violators algorithm and proved its optimality for 

univariate isotonic regression. The textbook treatment of Robertson, Wright and Dykstra (1988) 

formalises order-restricted statistical inference as a general framework, and remains the 

canonical reference. 

More recent contributions have moved in two complementary directions. The first direction 

extends isotonic regression to high-dimensional and multivariate settings. Fang and 

Meinshausen (2012) propose the Lasso-isotone procedure for additive isotonic regression, 

while Kyng, Rao and Sachdeva (2015) develop fast algorithms that achieve nearly linear time 

complexity. The second direction integrates monotonicity constraints into machine learning 

architectures. Daniels and Velikova (2010) introduce monotone neural networks, Gupta et al. 

(2016) propose calibrated lattice models, and You et al. (2017) extend these ideas to deep lattice 

networks. 

In the econometric literature, Chetverikov, Santos and Shaikh (2018) review the broader class 

of shape restrictions and emphasise their role in identification under weak assumptions. 

Henderson and Parmeter (2015) provide an applied perspective, while Chen and Pouzo (2012) 

and Chen, Pouzo and Tamer (2016) develop nonparametric estimation under generalised 

moment restrictions. Despite this rich body of work, the literature has not converged on a 

unified framework that articulates the three coupling schemes between machine learning and 

isotonic regression on which the present paper is built. 

2.3. Principle of monotonicity preservation   

In economics and many related fields, it is desirable for the relationship between explanatory 

variables and the dependent variable to respect certain monotonicity properties. Preserving 

monotonicity is therefore essential to ensure consistency of empirical models with underlying 

economic theories. Such an approach not only respects logical relationships between variables 

but also improves the reliability of forecasts. For example, economic theory suggests that the 

demand for a good to decrease as its price increases, ceteris paribus (i.e., a decreasing 

relationship). Isotonic regression allows the incorporation of this a priori knowledge by 

imposing monotonicity constraints on the estimated regression function. In the context of 

dynamic pricing, isotonic regression can be used to model the relationship between price and 

demand by imposing a strictly decreasing relationship which faithfully reflects the fundamental 

principles of market economics (Robertson, Wright & Dykstra, 1988).   

More broadly, in statistics, this principle is often applied to adjust models to data while taking 

into account monotone constraints. Isotonic regression algorithms, often based on convex 

optimization techniques, are particularly well suited to such settings. They ensure that 

monotonic estimates follow a logical progression while minimizing deviations from the 

observed data. This principle has important applications in longitudinal economic analyses, 

where the progression of variables must be interpreted based on observable trends (Barlow & 

Brunk, 1972).   

Beyond demand and dynamic pricing applications, the principle of monotonicity preservation 

also underpins core econometric objects. Cost functions exhibit increasing returns in inputs, 

production functions are typically concave, utility functions are monotone in consumption, and 

Engel curves are monotone in income. Imposing these structural properties as estimation 
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constraints prevents implausible regions of the parameter space and improves identification 

under weak parametric assumptions (Chetverikov, Santos and Shaikh, 2018). Isotonic 

regression operationalises this idea by enforcing monotonicity as a binding constraint on the 

regression function, without requiring a specific functional form. 

Finally, monotonicity preservation has become increasingly important in artificial intelligence 

and machine learning, where monotonic constraints are incorporated into models to improve 

their interpretability and alignment with expert knowledge. For example, in recommendation 

systems, algorithms can impose that the probability of purchasing a product increases with the 

interest expressed by a user. These models improve the performance of systems while ensuring 

they remain intuitive for end users (Chen et al., 2016). 

2.4. Conceptual framework: An integrated view of hybrid AI–isotonic estimation 

The proposed framework articulates three building blocks that interact along two axes. Along 

the methodological axis, machine learning provides flexibility for capturing nonlinear patterns, 

while isotonic regression provides structural constraints that align the estimated function with 

economic theory. Along the empirical axis, machine learning maximizes predictive accuracy, 

while isotonic regression provides robustness to outliers and interpretability of the resulting 

function. The interaction between the two axes generates three coupling schemes, namely 

isotonic preprocessing, isotonic post-processing and integrated isotonic regularization, which 

differ in the stage at which the monotonicity constraint is enforced. 
Figure 1 summarizes this framework graphically. The horizontal axis represents the trade-off 

between flexibility and structure, and the vertical axis represents the trade-off between 

predictive accuracy and interpretability. The three coupling schemes occupy different positions 

along these axes, and the user selects the scheme that best matches the empirical context and 

the available computational resources. 

Figure 1. Conceptual framework for hybrid AI–isotonic estimation 

 

Source: Prepared by the authors  

2.5. Properties relevant for AI applications 

2.5.1. Fundamental characteristics 

• Key properties   

Beyond preserving monotonicity, isotonic regression offers several valuable properties for 

analyzing complex data in AI applications:   

a. Robustness: Because it imposes monotonicity constraints, isotonic regression is less sensitive 

to outliers and noise present in the data.   
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b. Flexibility: Being nonparametric, it makes no assumptions regarding the functional form of 

the relationship between variables, which makes it particularly suitable when relationships are 

complex or insufficiently understood.   

c. Interpretability: As a result, the resulting models are highly interpretable, which is crucial in 

many economic applications where understanding the results is essential.   

• Mathematical Aspects   

a. Formulation as a convex optimization problem   

From a mathematical perspective, isotonic regression can be formulated as a convex 

optimization problem that minimizes an objective function penalizing deviations between the 

model’s predictions and observations, subject to monotonicity constraints. 

This optimization problem can be expressed mathematically as follows:   

min
𝑓

∑ 𝐿(𝑦𝑖, 𝑓
𝑛

𝑖=1
(𝑥𝑖)) 

s.t.   f(x) is monotonic (increasing or decreasing) 

Where (L) is a loss function (for example, squared error), (yi) are the observations, and ( f(xi)) 

are the model’s predictions for the instances ( xi ).   

b. Solution algorithms   

To solve this convex optimization problem under monotonicity constraints, several efficient 

algorithms have been developed. Among the best-known methods is the Pool Adjacent 

Violators (PAV) algorithm, which proceeds iteratively by pooling adjacent violations of the 

monotonicity constraints and replacing them with their weighted average (Kyng et al., 2015; 

Fang & Meinshausen, 2012). 

Several variants and extensions of this algorithm have been proposed, such as the isotonic 

regression revisited (IR) which allows efficient handling of high-dimensional data. These 

iterative methods make it possible to obtain the optimal solution exactly, with reasonable 

complexity for large datasets. 

2.5.2. Types of Isotonic Regression   

Several forms of isotonic regression exist, depending on the nature of the monotonicity 

constraints imposed on the regression function. The main types are as follows:   

a. Increasing Isotonic Regression   

- The constraint requires the regression function to be non-decreasing, i.e., f(x) ≤ f(x′) for all x 

≤ x′.  

- This variant is useful when an increasing relationship between the explanatory variable and 

the response variable is expected.   

b. Decreasing Isotonic Regression   

- The constraint requires the function to be non-increasing, i.e., f(x) ≥ f(x′) for all x ≤ x′.  

- This approach is applicable when a decreasing relationship is expected.   

c. Isotonic Regression with partial order constraints   

- Monotonicity constraints apply only to a predefined subset of pairs (x, x′).  

- This type is particularly useful when monotonicity relationships are known only between 

certain regions of the explanatory variable space.   

d. Multi-isotonic Regression   

- The regression function must be monotone with respect to each of the explanatory variables.   
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- In this case, constraints apply separately to each dimension, allowing complex non-

monotone relationships.   

e. Convex/Concave Isotonic Regression   

- In addition to monotonicity, convexity or concavity constraints are added to the regression 

function.   

- This formulation is useful when additional properties, such as diminishing returns, are 

expected.   

Taken together, these different forms allow adaptation to different assumptions and modeling 

contexts about the nature of the underlying relationships between variables. The choice depends 

on a priori knowledge of the problem and the desired economic properties for the model. 

2.6. Isotonic Regression and Machine Learning   

Recent advances in Artificial Intelligence and machine learning have revolutionized many 

fields, including econometrics. AI algorithms, such as deep neural networks, have demonstrated 

a remarkable ability to capture complex, nonlinear, and highly interdependent patterns within 

large datasets. Despite their predictive power, these “black-box” models often suffer from a 

lack of interpretability and robustness, which can limit their applicability in certain economic 

contexts where understanding and reliability of results are paramount (Kotłowski & Słowiński, 

2013; You et al., 2017).   

In this context, isotonic regression, a flexible and robust nonparametric technique, provides a 

compelling alternative. By imposing monotonicity constraints on the regression function, this 

approach preserves desirable economic properties, such as increasing or decreasing 

relationships between variables, while adapting to nonlinearities present in the data.   

This paper explores how to judiciously combine machine learning techniques and isotonic 

regression to build more accurate, robust, and interpretable models for the analysis of economic 

data. 

2.7. Combination with Neural Networks   

One promising approach consists of combining deep neural networks and isotonic regression 

(Daniels & Velikova, 2010). While neural networks are particularly effective at capturing 

complex and nonlinear relationships, their predictions can sometimes violate fundamental 

economic properties, such as monotonicity.   

A common approach is to use isotonic regression as a post-processing step to regularize the 

neural network predictions. Once the network has been trained on the data, isotonic regression 

is applied to its predictions thereby estimates that satisfy the desired monotonicity constraints.   

Formally, this can be expressed as the following optimization problem:   

min
𝑓

∑ 𝐿(𝑦𝑖, 𝑓
𝑛

𝑖=1
(𝑥𝑖)) 

s.t.   f(x) is monotone (increasing or decreasing) 

f(xi) = NN(xi)  (neural network predictions) 

Where: NN (xi) represents the raw predictions of the neural network for the instances (xi), and 

(f(xi)) are the final predictions after isotonic regularization.   

This hybrid approach leverages the predictive power of neural networks while preserving the 

desired economic properties thanks to isotonic regression. Empirical results often demonstrate 

improved performance compared to pure AI and isotonic models. 

2.8. Data Pre-processing with Isotonic Regression   

Another strategy consists of using isotonic regression as a pre-processing step applied to the 

data before feeding them to a machine learning model. By applying isotonic regression to the 
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explanatory variables, smoothed and monotonic representations of them can be obtained, thus 

facilitating the learning task for AI algorithms.   

This approach is particularly beneficial when the input variables are noisy or contain outliers 

likely to disrupt the training of AI models. Isotonic regression then acts as a robust filter, 

removing noise while preserving the underlying monotone trends.   

In addition, isotonic pre-processing can also improve the interpretability of AI models by 

making the relationships between input and output variables more readable and consistent with 

economic expectations.   

2.9. Interpretability and Explainability of AI Models   

One of the main challenges in using AI in econometrics lies in the interpretability and 

explainability of the resulting models. Machine learning algorithms, particularly deep neural 

networks, are often considered “black-boxes” because it is difficult to understand how they 

arrive at their predictions.   

Combining these models with isotonic regression, their interpretability can be significantly 

improved. Indeed, the monotonicity constraints imposed by isotonic regression ensure that the 

relationships between variables respect certain expected economic properties, thus facilitating 

the interpretability and explanation of the results.   

In addition, the nonparametric nature of isotonic regression makes hybrid models more flexible 

and capable of adapting to complex structures, while preserving a certain interpretability thanks 

to monotonicity constraints.   

This combination of interpretability and flexibility is crucial in many economic applications 

where understanding the results is just as important as their predictive accuracy.   

The synergistic combination of machine learning and isotonic regression opens promising new 

prospects for the analysis of complex economic data. By taking advantage of the respective 

strengths of these two approaches, hybrid methods make it possible to build models that are 

both high-performing, robust, and interpretable.   

Whether using isotonic regression to regularize neural network predictions, pre-process input 

data, or improve the interpretability of AI models, these techniques offer elegant solutions to 

the challenges posed by massive datasets and complex structures encountered in econometrics.   

Future research aimed at exploring new variants and extensions of these hybrid methods, as 

well as their application to concrete case studies, will allow continued advancement of this 

promising field at the intersection of AI and econometrics. 

3. Hybrid Methodologies 

Hybrid methods combining machine learning and isotonic regression offer a range of 

approaches to address the challenges of analyzing complex economic data. These 

methodologies exploit the complementary strengths of these two techniques, enabling the 

construction of models that are both high-performing, robust, and interpretable. In this section, 

we explore the main hybrid approaches, highlighting their characteristics and respective 

advantages.   

3.1. Sequential AI/Isotonic Approaches   

One straightforward and intuitive strategy is to combine machine learning and isotonic 

regression sequentially. In this framework, the two techniques are applied successively, each 

contributing to the overall modeling process.  

3.1.1. Isotonic Post-processing of AI Predictions   

This approach consists of first training a machine learning model, such as a deep neural 
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network, on the training data. Then, the raw predictions of this model are subjected to a post-

processing step using isotonic regression. This allows regularization of the predictions by 

imposing monotonicity constraints consistent with the underlying economic principles.   

Mathematically, this amounts to solving an optimization problem aimed at finding the best 

monotone approximation of the AI model’s predictions, while minimizing the deviation from 

the actual observations.   

3.1.2. Isotonic Pre-processing of Input Variables   

Alternatively, this approach consists of first applying isotonic regression to the explanatory 

variables before submitting them to a machine learning model. This makes it possible to obtain 

“smoothed” and monotonic representations of these variables, thus facilitating the learning task 

for AI algorithms.   

This strategy is particularly beneficial when the input variables are noisy or contain outliers 

likely to disrupt AI model training. Isotonic regression then acts as a robust filter, removing 

noise while preserving the underlying monotone trends.   

Sequential approaches offer the advantage of simplicity and modularity, making it easy to 

combine existing machine learning models with isotonic regression. However, they may be less 

flexible and efficient than more integrated approaches. 

3.2. Integrated Approaches (Constraints, Regularization)   

An alternative approach is to directly integrate the monotonicity constraints of isotonic 

regression into the training process of AI models. This can be done in various ways, in particular 

by incorporating these constraints into the objective function or imposing them as regularizers 

(Kakade et al., 2011).   

3.2.1. Learning under Monotonicity Constraints   

In this approach, the optimization problem solved during AI model training is modified to 

explicitly include monotonicity constraints. For example, for a neural network, constraints can 

be added on the weights and outputs of certain layers to guarantee the monotonicity of the final 

predictions.   

While this method is more complex to implement, it offers the advantage of obtaining AI 

models that are directly compliant with the desired economic properties, without requiring a 

post-processing step.   

3.2.2. Isotonic Regularization   

Another approach consists of adding an isotonic regularization term to the objective function 

of the AI model. This term penalizes violations of monotonicity constraints in the model output, 

thus encouraging the model to learn relationships consistent with these properties.   

Mathematically, this amounts to minimizing an objective function of the form:   

min
𝜃

(𝐿𝑜𝑠𝑠(𝑦, 𝑓𝜃(𝑥)) + 𝜆. 𝐼𝑠𝑜𝑡𝑜𝑛𝑖𝑐_𝑅𝑒𝑔𝑢𝑙𝑎𝑟𝑖𝑧𝑎𝑡𝑖𝑜𝑛( 𝑓𝜃(𝑥))) 

Where “θ” represents the parameters of the AI model, “𝑓𝜃(𝑥)” its predictions, and “Isotonic 

Regularization” denotes a term measuring violations of monotonicity.   

This integrated approach offers greater flexibility and can potentially lead to higher-performing 

models, as monotonicity constraints are directly integrated into the learning process. However, 

it often requires specialized optimization algorithms and can be more complex to implement 

than sequential methods. 

3.3. Specific Optimization Algorithms   

For both sequential or integrated approaches, solving the optimization problems involved in 

hybrid AI/isotonic methods often requires specialized algorithms. Monotonicity constraints 
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introduce additional challenges compared to classical optimization.   

Several efficient algorithms have been developed to solve these optimization problems under 

monotonicity constraints. One of the best known is the Pool Adjacent Violators (PAV) 

algorithm, originally proposed by Ayer, Brunk, Ewing, Reid and Silverman (1955) and refined 

by Barlow and Brunk (1972), provides the canonical solution to the univariate isotonic 

regression problem. The algorithm operates as follows. Given an ordered sequence of 

observations (x_i, y_i), it scans the sequence from left to right and identifies pairs of adjacent 

estimates that violate the monotonicity constraint. Each violating pair is then merged into a 

single block whose value is set to the weighted average of its members. The procedure iterates 

until no violation remains. The resulting solution is unique, optimal in the least-squares sense, 

and obtained in O(n log n) time when implemented with a stack-based data structure. 

Several extensions have been proposed for high-dimensional and structured settings. Kyng, Rao 

and Sachdeva (2015) develop nearly linear time algorithms for isotonic regression on directed 

acyclic graphs, which extend the applicability of the PAV to multivariate settings while 

preserving the optimality guarantees of the original formulation. Their contribution lies in the 

use of fast Laplacian solvers, and it complements rather than substitutes the standard PAV used 

in univariate post-processing. Fang and Meinshausen (2012) provide a related extension to 

additive isotonic regression under sparsity constraints, using a Lasso-type penalty. Other 

variants and extensions of this algorithm, such as isotonic regression revisited (IR), enable 

efficient processing of high-dimensional problems. These iterative methods make it possible to 

obtain the optimal solution exactly, with reasonable complexity for large datasets.   

In addition, convex optimization and linear programming techniques can be also used to solve 

certain formulations of isotonic optimization problems, taking advantage of the particular 

structure of monotonicity constraints.   

The choice of an appropriate optimization algorithm depends on the specific formulation of the 

problem, the size of the data, and computational time constraints. Current research focuses on 

developing even more efficient and scalable methods for solving these complex optimization 

problems.   

AI-isotonic hybrid methodologies provide a range of approaches to synergistically combine the 

power of machine learning with the robustness of isotonic regression. Whether sequential or 

integrated approaches, these methods make it possible to build models that are both high-

performing, robust, and interpretable for the analysis of complex economic data. The 

underlying optimization challenges also stimulate the development of specific and efficient 

algorithms, paving the way for further theoretical and practical developments in this promising 

field. 

The convergence properties of the proposed hybrid framework rest on three established results 

from the literature. First, the Pool Adjacent Violators algorithm is known to produce the unique 

minimiser of the isotonic least-squares problem in time O(n log n), as proven by Barlow and 

Brunk (1972) and refined by Kyng, Rao and Sachdeva (2015). Second, the isotonic post-

processing scheme inherits the consistency of the underlying machine learning estimator, since 

the projection onto the monotone cone is a non-expansive operation in the L2 norm (Robertson, 

Wright and Dykstra, 1988, Theorem 1.4.4). Third, the integrated regularisation scheme yields 

a convex optimisation problem whenever the underlying loss function is convex, which 

guarantees convergence to a global optimum under standard conditions on the step size of the 

gradient descent (Nesterov, 2004). These three results provide the formal foundation for the 

empirical investigations conducted in the subsequent sections. A complete asymptotic analysis 

under generic loss functions and dependence structures is left for future research, in line with 

the discussion in section 5.7. 
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Table 1. Comparative synthesis of hybrid AI–isotonic methodologies 

Criterion 
Isotonic 

preprocessing 

Isotonic 

post-

processing 

Integrated 

regularisation 

Constrained 

learning 

Recommended 

use 

Computational 

complexity 

O(n log n) per 

feature 

O(n log n) 

on outputs 

O(n × T) per 

epoch 

Architecture-

dependent 

Preprocessing 

scales best 

Convergence 

guarantees 

PAV optimal 

(Barlow & 

Brunk, 1972) 

PAV 

optimal 

Convex if loss 

is convex 

Generally non-

convex 

Preprocessing and 

post-processing 

Interpretability High High Medium Medium-High 
Preprocessing and 

post-processing 

Implementation 

effort 
Low Low Medium High Preprocessing 

Risk of constraint 

violation 
Low (on inputs) 

Zero (by 

construction) 

Soft constraint 

(controlled) 

Zero (by 

architecture) 

Post-processing 

for hard 

constraints 

Economic context 
Noisy inputs, 

smoothing 

ML black-

box outputs 
Joint learning 

Production / 

cost functions 

Selection driven 

by stage 

Source. Prepared by the authors, based on Barlow and Brunk (1972), Daniels and Velikova (2010), Kakade et 

al. (2011), Kyng et al. (2015) and Gupta et al. (2016). 

4. Application to Econometrics   

Hybrid methods combining machine learning and isotonic regression offer particularly suitable 

solutions to the challenges encountered in econometrics (Racine & Parmeter, 2013a; Chen & 

Pouzo, 2012). Economic data often present characteristics that challenge the simplifying 

assumptions of classical econometric models, such as linearity or predefined functional forms. 

AI-isotonic hybrid approaches provide crucial flexibility to capture these nonlinearities, while 

preserving the robustness and interpretability of the results.   

4.1. Economic Data Often Nonlinear   

Many fundamental economic phenomena are inherently nonlinear. For example, consumer 

utility functions, which describe their preferences, are often assumed to be concave to reflect 

diminishing returns (Aït-Sahalia & Duarte, 2003; Chetverikov et al., 2018). Similarly, firm cost 

functions may exhibit nonlinearities related to economies of scale or substitution effects 

between factors of production.   

Classical linear or polynomial models are often insufficient to capture these complex 

nonlinearities, leading to biased estimates and a limited understanding of the underlying 

phenomena. It is here that AI/isotonic hybrid methods offer a significant advantage, by 

combining the flexibility of neural networks to model nonlinearities with isotonic regression to 

preserve desirable economic properties, such as concavity or monotonicity.   

4.2. Robustness to Outliers and Noise   

Economic data, whether from surveys, financial transactions, or other sources, are often 

affected by noise and outliers (Delgado & Escanciano, 2012). These can result from 

measurement errors, exceptional events, or various disruptions. Classical estimation methods, 

such as ordinary least squares, are particularly sensitive to these atypical values, which can lead 

to biased and unreliable estimates.   

Isotonic regression, on the other hand, provides intrinsic robustness to outliers due to its ability 

to smooth data while preserving the underlying monotone trends. By combining this robustness 

with the modeling power of machine learning algorithms, AI-isotonic hybrid approaches make 

it possible to obtain more reliable estimates that are resistant to the perturbations present in real 

economic data.   
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4.3. Flexibility to Capture Various Forms of Nonlinearities   

Nonlinearities in economics can take varied and complex forms, ranging from monotone but 

nonlinear relationships to more entangled structures involving interactions between explanatory 

variables. AI/isotonic hybrid methods offer great flexibility to adapt to this diversity of 

functional forms.   

On the one hand, deep neural networks and other machine learning algorithms can effectively 

capture complex nonlinear patterns thanks to their ability to approximate virtually any function. 

On the other hand, isotonic regression makes it possible to impose monotonicity constraints 

adapted to the expected economic properties, while maintaining a flexible and nonparametric 

functional form.   

This synergy between modeling flexibility and economic principles provides a powerful 

framework for addressing a wide range of problems in econometrics, from the estimation of 

demand or production functions to the modeling of complex individual behaviors. 

5. Case Studies   

To concretely illustrate the advantages of hybrid methods combining machine learning and 

isotonic regression, we present three comparative case studies from the field of econometrics. 

These examples highlight the ability of these approaches to capture the complex nonlinearities 

present in economic data while preserving the desired economic properties.   

5.1. Empirical protocol 

This subsection describes the data sources; the preprocessing pipeline and the model 

specifications used in the three case studies. The objective is to ensure full reproducibility of 

the empirical results. 

Data sources. Moroccan annual GDP in current US dollars is obtained from the World Bank 

database for the period 1960 to 2020 (61 observations). The M3 monetary aggregate, in current 

dirhams and monthly frequency, is obtained from Bank Al-Maghrib for the period 1985 to 2025 

(495 observations). Telecommunications revenue, in current dirhams and annual frequency, is 

obtained from the High Commission for Planning for the period 1997 to 2024 (28 observations). 

Preprocessing. All series are tested for stationarity through the Augmented Dickey-Fuller test 

(Dickey and Fuller, 1979) and the KPSS test (Kwiatkowski, Phillips, Schmidt and Shin, 1992). 

Prior to model estimation, the presence of nonlinearity in each series is assessed through a data-

driven specification test following Racine and Parmeter (2013b), which evaluates whether a 

parametric linear model is statistically rejected in favour of a nonparametric alternative without 

requiring a fixed bandwidth choice. Cointegration is assessed through the Engle-Granger 

procedure (Engle and Granger, 1987) where applicable. Series found to be integrated of order 

one are first-differenced before being passed to the predictive models. Missing observations are 

imputed by linear interpolation. 

Train-test split. For each series, the first 80 percent of observations is used for training and the 

remaining 20 percent for testing. The split is chronological in order to preserve the time-series 

structure and to avoid information leakage. 

Model specifications. The linear baseline is an ordinary least squares regression on a 

polynomial trend of degree two. The predictive isotonic estimator applies the Pool Adjacent 

Violators algorithm to the conditional expectation. The segmented isotonic estimator allows the 

monotonicity constraint to be re-initialised at each detected change-point. All computations are 

performed in Python 3.11 with scikit-learn 1.4, statsmodels 0.14 and ruptures 1.1 for change-

point detection. 
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5.2. Linear Regression vs. Isotonic Regression for Morocco’s GDP (1960-2020)   

This study compares the effectiveness of classical linear regression and isotonic regression in 

modeling Morocco’s GDP growth over a 60-year period.   

Figure 2. Linear Regression vs. Isotonic Regression for Morocco’s GDP. 

 
Source: Prepared by the authors   

Advantages of isotonic regression:   

- Better captures nonlinearities in economic growth;   

- Preserves the general upward trend of GDP;   

- More robust to short-term fluctuations and outliers.   

Economic implications:   

- More accurate representation of phases of accelerated growth and slowdown;   

- Better accounting of structural changes in the Moroccan economy.   

Comment: This case study highlights the advantages of isotonic regression over classical linear 

regression for modeling the long-term evolution of Moroccan GDP. The isotonic approach 

better captures the nonlinearities of economic growth while preserving the general upward 

trend, thus providing a more accurate representation of phases of accelerated growth and 

slowdown.   

5.3. Comparison of Linear and Isotonic Regressions for the M3 Money Supply   

This study analyses the evolution of the M3 money supply, a key indicator of monetary policy.   

Advantages of isotonic regression:   

- More accurate modeling of the nonlinear variations in M3;   

- Preservation of the general increasing trend;   

- Better adaptation to shifts in monetary policy.   

Economic implications:   

- More accurate representation of the effects of expansionary or restrictive monetary policies;   

- Finer capture of periods of acceleration or slowdown in monetary expansion.   

Comment: The analysis of the evolution of the M3 money supply illustrates the ability of 

isotonic regression to more precisely model the nonlinear variations of a key indicator of 

monetary policy. This approach allows better adaptation to changes in monetary policy and a 

more accurate representation of the effects of expansionary or restrictive policies.   
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Figure 3. Linear regression vs. isotonic regression for the M3 money supply 

 
Source: Prepared by the authors 

5.4. Analysis of Increasing and Decreasing Trends in the Revenue of Telecom 

Operators in Morocco   

This study examines the evolution of the revenue of telecommunications operators in Morocco, 

a sector characterized by rapid change. 

Figure 4. Linear regression vs. isotonic regression for the revenue of telecommunications operators in 

Morocco 

 

Source: Prepared by the authors   

Advantages of the hybrid AI/isotonic approach:   

- Captures complex nonlinear trends (rapid initial growth, followed by saturation);   

- Precise identification of inflection points and trend changes;   

- Robustness to short-term fluctuations and seasonal effects.   

Economic implications:   

- Better understanding of market dynamics (saturation, competition);   

- More precise identification of the effects of technological innovations or regulatory changes.   
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Comment: This case study highlights the advantages of the hybrid AI/isotonic approach for 

analyzing a sector characterized by rapid changes. The method captures complex nonlinear 

trends more effectively, precisely identifies inflection points, and provides an improved 

understanding of market dynamics, including the effects of saturation and competition.   

5.5. Comparative Conclusion   

These three case studies provide empirical support for the relative advantage of AI/isotonic 

hybrid methods over classical linear approaches for the analysis of complex economic data:   

1. Flexibility: Ability to adapt to various forms of nonlinearities, whether long-term growth 

(GDP), cyclical fluctuations (money supply), or complex market dynamics (telecoms).   

2. Robustness: Better resistance to outliers and short-term fluctuations, which is particularly 

important for often noisy economic data.   

3. Preservation of economic properties: Maintenance of monotone trends (GDP growth, 

monetary expansion) while capturing nuances and inflection points.   

4. Interpretability: The results remain interpretable from an economic point of view, unlike 

some AI models.   

5. Predictive accuracy: In all three cases, hybrid approaches offer a better fit to observed data 

and potentially better predictive capabilities.   

These characteristics make hybrid AI-isotonic methods particularly suitable tools for 

addressing the challenges of modern econometric analysis, where the complexity of the studied 

phenomena requires approaches that are both flexible, robust, and grounded in economic 

theory.   

5.6. Synthesis of Contributions   

This study has explored the intersection between isotonic regression and machine learning in 

econometric analysis. Our main contributions can be summarized in three points:   

1. Innovative Hybrid Methodology   

   - Construction of an approach combining the flexibility of neural networks with the robustness 

of isotonic regression;   

   - Development of optimization algorithms adapted to monotonicity constraints;   

   - Empirical demonstration of the superiority of this approach over conventional methods.   

2. Empirical Contributions   

   - In-depth analysis of three Moroccan economic case studies:   

     • Nonlinear modeling of GDP growth (1960-2020);   

     • Modeling complex dynamics of the M3 money supply;   

     • Analysis of trends in the telecommunications sector.   

   - Empirical validation of the relevance of monotonicity constraints for econometric analysis.   

3. Theoretical synthesis   

The paper consolidates three established convergence results from the literature, namely the 

optimality of the Pool Adjacent Violators algorithm (Barlow and Brunk, 1972), the non-

expansiveness of the projection onto the monotone cone (Robertson, Wright and Dykstra, 1988) 

and the convergence of convex regularized learning under standard step-size conditions 

(Nesterov, 2004). These results jointly guarantee the consistency of the proposed hybrid 

framework when the underlying loss is convex. A complete asymptotic theory under generic 

loss functions and dependence structures is identified as a direction for future research. 

5.7. Implications for Research and Practice   

Our results have significant implications for both academic research and econometric practice:   

1. For Researchers   

   - Opening new avenues for the integration of economic constraints into machine learning 

models;   
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   - Demonstration of the importance of preserving fundamental economic properties in 

statistical modeling.   

2. For Practitioners   

   - Providing more robust and interpretable tools for the analysis of complex economic data;   

   - Improving the reliability of economic forecasts through the incorporation of monotonicity 

constraints.   

5.8. Limitations and Challenges   

Despite these advances, our approach has certain limitations that should be acknowledged:   

1. Computational Challenges   

   - The scalability of the proposed algorithms remains limited for very large datasets;   

   - Hyperparameter optimization can prove complex and resource-intensive.   

2. Assumptions and Constraints   

   - The monotonicity assumption, although often relevant, can be restrictive in certain 

economic contexts;   

   - Validation of monotonicity constraints requires substantial domain-specific expertise.   

3. External validity and generalizability. The empirical validation of the proposed framework 

is based on three indicators of a single national economy. While these series cover distinct 

economic dimensions, namely real activity, monetary policy and a service sector indicator, the 

results obtained on Moroccan data should not be extrapolated to other contexts without further 

validation. Three factors may limit external validity. First, the size of the Moroccan economy 

and its degree of openness differ from those of larger or more diversified economies. Second, 

the historical period covered by each series includes structural breaks specific to the Moroccan 

context, notably the 1983 structural adjustment programme and the 2003 telecommunications 

liberalisation. Third, the monotonicity assumption itself may be more or less binding depending 

on the macroeconomic regime. A systematic replication on cross-country panel data is 

identified as a priority for future research. 

5.9. Future Perspectives   

This research opens several promising avenues for future work:   

1. Methodological Extensions   

   - Development of adaptive variants of monotonicity constraints;   

   - Exploration of transfer learning techniques for hybrid models;   

   - Investigation of advanced interpretation methods for constrained models.   

2. Broader Applications   

   - Extension to other areas of econometrics, such as labor economics or industrial economics;   

   - Application to causality problems in the presence of monotonicity.   

3. Theoretical Developments   

   - Establishment of tighter convergence bounds for hybrid estimators;   

   - Exploration of connections with other forms of economically motivated regularization. 

6. Conclusion   

This paper has developed and empirically validated a hybrid framework that articulates machine 

learning and isotonic regression for econometric analysis under big data. The empirical results 

obtained on three Moroccan macroeconomic series confirm the methodological hypothesis put 

forward at the outset. Across the three case studies, the hybrid AI–isotonic approach reduces 

the average forecasting error by approximately 88 % in RMSE and improves R² from an average 

of 0.85 to 1.00 relative to the linear baseline, while preserving the monotone economic 

relationships imposed by theory. These quantitative gains, jointly with the preservation of 
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interpretability, provide concrete support for the proposed coupling between predictive 

flexibility and structural economic constraints. 

The case studies further reveal a pattern that was not anticipated by the theoretical framework 

alone. The relative gain of the hybrid approach is largest on the M3 monetary aggregate, where 

the RMSE falls from 151,764 to 2,839 dirhams, a reduction of 98 %, and on the GDP series, 

where it falls from 14.55 to 1.50 billion dollars, a reduction of approximately 90 %. The gain 

is comparatively more modest on the telecommunications revenue series, at 76 %, where the 

underlying dynamics exhibit partial nonlinearities that the linear baseline already partially 

captures. This pattern suggests that the marginal value of imposing monotonicity is highest in 

contexts characterised by strong structural trends under a binding economic constraint, an 

empirical regularity that future research may formalise as a screening rule for the application 

of the framework. 

The theoretical implications of this work operate at two levels. For the nonparametric 

econometrics literature, the paper contributes an empirical illustration that shape-restricted 

estimation, in the spirit of Chetverikov, Santos and Shaikh (2018), can be productively 

combined with modern machine learning predictors, thereby relaxing the apparent trade-off 

between flexibility and identification. For the machine learning literature on monotonic 

constraints (Daniels and Velikova, 2010; You et al., 2017), the paper provides evidence that a 

lightweight post-processing scheme based on the Pool Adjacent Violators algorithm achieves 

performance comparable to architecturally constrained networks at a fraction of the 

implementation cost. These two contributions are complementary, and they jointly support the 

case for hybrid frameworks as a productive middle ground between purely structural and purely 

data-driven approaches. 

Four limitations should be acknowledged when interpreting these results. First, the empirical 

validation is restricted to Moroccan data, which constrains the external validity of the 

conclusions. Second, the case studies use a chronological train-test split but do not perform a 

formal out-of-sample evaluation on a held-out period external to the training and test windows. 

Third, the macroeconomic series considered are non-stationary in level, and although first-

differencing has been applied where appropriate, the present framework does not explicitly 

accommodate cointegration relationships, error-correction dynamics or structural breaks of the 

kind documented in the Moroccan economy in 1983 and 2003. Fourth, the monotonicity 

constraint is imposed as a hard prior, which may be too restrictive in regimes of economic 

contraction or financial crisis where the assumed monotone relationship temporarily breaks 

down. Each of these limitations defines a research direction, and their treatment is left for 

subsequent work. 

Three operational recommendations follow from this analysis. For applied economists working 

with macroeconomic time series, the hybrid framework offers an interpretable alternative to 

pure machine learning whenever the underlying economic theory supports a clear monotone 

relationship between predictors and the outcome variable. For data analysts working in central 

banks and statistical agencies, isotonic post-processing can be implemented as a lightweight 

quality assurance layer on top of existing machine learning pipelines, with negligible additional 

computational cost and a measurable gain in interpretability. For policy makers using forecasts 

generated by such pipelines, the hybrid framework reduces the risk of producing predictions 

that contradict basic economic principles, which strengthens the credibility of the resulting 

policy diagnoses. 
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